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1. Foreword 

One of the miracles of String theory is its 
higher dimensional nature. But since every- 
one can directly feel and observe only four- 
dimensional world, it is a great puzzle how to 
connect the String/M-theory living at a Planck 
energy scale in ten/eleven space-time dimensions 
with phcnomcnological models describing experi- 
mental data. A way to resolve this problem is to 
compactify additional dimensions. 

In this volume in memory of the 75th anniver- 
sary of D. V. Volkov it is worth to emphasize that 
Dmitrij Vasilievich Volkov was one of the pioneers 
in the investigation of mechanisms of spontaneous 
compactifications of Kaluza-Klein (KK) theories 
§■ In 0, § D. V. Volkov and V. I. Tkach 
proposed for the first time the mechanism of spon- 
taneous compactification based on embedding the 
spin connection of the compactificd manifold into 
a gauge field connection, which was then applied 
in for studying KK supergravities. 

To compactify extra dimensions one needs as a 
starting point an ansatz being the classical solu- 
tion for the low energy effective superstring the- 
ory (supergravity) equations of motion [fll|| , and 
the choice of every ansatz compatible with the 
equations of motion determines its own indepen- 
dent classical vacuum state. Small fluctuations 
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over the vacuum form a spectrum of massless 
and massive modes with masses depending on 
internal properties of the compactificd manifold. 
Because there is no additional rule of the selec- 
tion of the ground state metric and antisymmet- 
ric tensor fields (for instance, classical stability 
of vacuum and compactified manifold can be bro- 
ken by quantum corrections and non-perturbative 
effects) there exists a problem of the choice of 
the true classical vacuum state. However, tak- 
ing into account the requirement of unbroken 
supersymmetry one can restrict the considera- 
tion to the ansatze which correspond to back- 
grounds which are maximally symmetric from 
the lower-dimensional observer point of view, 
i.e. which are invariant under the space-time 
group/supergroup of rotations and translations 
generated by a set of Killing vectors/spinors. The 
form of the maximally-symmetric ground-state 
ansatz is governed by the properties of Killing 
vectors and in general involves a "warp" factor, 
which is a function of internal coordinates in the 
Randall-Sundrum (RSl)/Rubakov-Shaposhnikov 
(RS2) scenarios (T^, §J. 

This restriction leads to the space-time mani- 
folds of a constant curvature or Einstein spaces 
among which only Minkowski and anti-de Sitter 
spaces are selected as the spaces compatible with 
supersymmetry. In its turn the internal mani- 
fold may also possesses the invariance under the 
action of an isometry group, which becomes an 
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internal group of the lower-dimensional theory 
after compactification and which is defined by 
another set of Killing vectors. The latter play an 
important role in the definition of the massless 
states in the complete Kaluza-Klein ansatz espe- 
cially in the case of dimensional reduction when 
all massive modes are ignored and the massless 
sector of the compactificd theory is considered 
independently ^. The form of the KK ansatz 
for dimensional reduction is further restricted by 
the requirement of its consistency with higher- 
dimensional equations of motion. This poses an 
additional problem of finding a consistent ansatz 
in the case of nontrivial (and nonlinear) reduc- 
tion. 

At this point it is necessary to recall that the 
above arguments do not appeal to the existence 
of Killing vectors in the original arbitrary higher- 
dimensional background. However, things change 
if from the beginning a higher-dimensional back- 
ground allows for the existence of an isometry 
group. This feature is important for the con- 
struction of T(arget-space)-dual theories jl4| as 
well as for the investigation of properties of "non- 
standard" BPS objects such as KK-monopoles 
and space-time-filling branes (see, for in- 
stance, and Refs. therein). In this case 
the space-time isometry group is generated by 
a set of the space-time Killing vectors and the 
requirement of local invariance under isometry 
group transformations leads to the introduction 
of compensator fields akin to that of the KK the- 
ories. The goal of this note is to find the condi- 
tions for the application of the global space-time 
symmetry gauging technique to the description of 
dimensionally reduced theories and to establish 
a way to recover dimensionally reduced theories 
starting from geometrical properties of manifolds 
with isometries but without appealing to a di- 
mensional reduction ansatz. 

To this end we begin with the consideration of 
the dimension reduction in Kaluza-Klein theories, 
after that the philosophy of gauged er-models will 

3 Since all massive modes arising in the standard KK com- 
pactification have an order of the Planck mass they are not 
important for low-energy phenomenology. Note however 
that this is not true for quantum KK theories and also for 
RSI/2 scenarios. 



be discussed. Having these thesis and anti-thesis 
the syn-thesis is realized in establishing a bridge 
between these two techniques. We conclude by 
discussing the results and open questions. 

2. Dimensional reduction in Kaluza-Klein 
theories 

Because the dimensional reduction in Kaluza- 
Klein theories is a sufficiently well-known subject, 
we only remind what kind of geometrical objects 
appears in this scheme O] . 

In the Kaluza-Klein approach dealing with the- 
ories in space-time dimensions higher than four 
it is assumed that the higher-dimensional space- 
time manifold M is the direct product of an 
internal manifold M k and a space-time manifold 
M D ~ k . If a group G is the isometry group of the 
metric tensor in M fe , then G is generated by the 
set of the Killing vectors k A (A — 1, . . . , dim G) 
having the following properties: 

C k9lJ = <==> V (i kf } = 2d {i kf } - 2T\X = 0, 
\k A k B ] - f AB k c k A - k iA — 

[K ,K \ — J c K i K ~ K Qgi ' 

where Ck is the Lie derivative in the Killing vector 
direction, g^j is the metric tensor in the internal 
manifold M k parameterized by the coordinates 
Z l , V is the covariant derivative with the stan- 
dard definition of the Christoffel connection 

= 2 glk ( d i 9ki + di9k i ~ d k9ij), 

and f AB c are the structure constants of the isom- 
etry group G. 

The D-dimensional metric tensor can be split 
on to M k and M D ~ k blocks as follows | 

~ l V r 7\ I 9mn 9mi \ 
gfivn(X,Z) - - — . 

\ yin yij / 

To dimensionally reduce the theory it is neces- 
sary to choose an ansatz, which shall define the 

4 Throughout the paper all hatted quantities indicate an 
object in D-dimcnsional space-time with X— coordinates, 
unhatted quantities belong to the (D — fc)-dimensional 
space-time with X— coordinates, and the small indices 
from the middle of the Latin alphabet are the indices of 
the internal space parameterized by Z l . 
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form of the matrix blocks and will be consis- 
tent with equations of motion for the original D- 
dimensional theory. It is known that, in particu- 
lar, the following choice of the off-diagonal matrix 
element 

9mi(X, Z) = A A l (X)k A (Z) + massive modes 

is self-consistent (at least in the case of toroidal 
compactification) . Here a new vector field as 
a massless mode appears. Because we deal with 
dimensional reduction, all massive modes are ig- 
nored. The complete form of the Kaluza-Klein 
ansatz can be extracted from the expression for 
the line element written as 

ds 2 = dX^®dX^ 9m21 - {dZ l - A A k M ) 

®{dZ ] - A A k Aj )g ir 

Under the /^-dimensional general coordinate 
transformations X— <— > X— — £—(X) the metric 
tensor transforms as 

0~9 rhfi — 2V (m£,n) • 

For a special choice of the local parameter 

mX,Z) = (0, e A (X)k Ai ), 

which corresponds to local coordinate shifts in the 
internal manifold coordinate directions a trans- 
formation rule for the vector field A^ has the 
form of the gauge transformation for a Yang-Mills 
gauge field with the gauge group G 

8A A ± {X)=drne A {X)-f A BC A% L e c . 

This observation is one of the key points of the 
Kaluza-Klein philosophy: The gauge group in 
D — k space-time dimensions is connected to the 
isometry group of the extra dimensions and is 
a subgroup of the D-dimensional general coor- 
dinate transformation (g.c.t.) group |p7|-l2l|. 

3. Global space-time symmetries and their 
gauging 

Let us outline now a resemblance of the con- 
struction above to that of gauged sigma-model 



formulation. To this end consider a er-model (p- 
brane) described by the action P2fl-[pi[ 

S = J dP +1 C[^h(d m X^g^d n X^h mn + (p-l)) 

+e mi --- m ^B* Li ... 2 n p+1 d mi X^ . ..d mp+1 X^+i] 

with h mn being the metric on the p-brane world- 
volume. 

For special backgrounds allowing for the exis- 
tence of isometry directions this action is invari- 
ant under the following global space-time trans- 
formations Hi-@ 

5X^ = e A k^ A 

with a constant parameter e A . Here k— A are the 
Killing vectors generating the isometry group of 
the background, i.e. 

£fe 9 mn = 0, 

and the target space antisymmetric gauge field B 
should satisfy the equation 

£fc (dB)m 1 ...m p+1 = 0. 

For further consideration it is important that 
having the global target-space invariance we can 
gauge the isometry group Q , i.e. to require the 
invariance under the local space-time transforma- 
tions 

SX^ = e A (X) k^ A . 

To keep the action invariance we have to intro- 
duce a gauge field A^ which is minimally coupled 
to the cr-model and transforming as 

5Ai(X) = d m e A - f A BC Age c , 

which enters the derivative covariant with respect 
to the local space-time transformations 



5 Other aspects of space-time symmetry gauging can be 
found in |26| (and Refs. therein). Prom the modern point 
of view the existence of a global symmetry in the original 
theory is a sufficient but not necessary (see, for instance, 
Ref. fefll) condition for a possibility of constructing its 
dual [pgr . 
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Gauged cr-model action can be obtained after 
replacing the usual derivative with the covariant 
one. For keeping the minimal coupling to the 
we should require pa], 27 



= 0. 



Therefore 



+£ m I ...m p+I _g 



1 1 1 .... 1 1 1 i i 
1 p+1 



4. The bridge 



We have observed that one of the essential in- 
gredients of the abovementioned approaches is 
the notion of the Killing vector. The properties of 
dimensional reduction and global space-time sym- 
metry gauging based on the features of Killing 
vectors are summarized in the Table [lj. 

Therefore, we can fit the global symmetry 
gauging approach to the description of dimen- 
sionally reduced theories if we apply the gauged 
sigma-model-like technique to a subgroup of g.c.t. 
group and restrict fields and gauge parameters by 
the requirement that they do not depend on sev- 
eral spatial coordinates regarded as the coordi- 
nates of an effective "internal" manifold. 

To realize this observation consider a space- 
time manifold with isometries. For the sake of 
simplicity we shall consider the manifold with 
only one isometry direction. Restrict now the 
field configuration of a theory by the requirement 

C k $ = 

for any field It is always possible to rotate the 
coordinate system in such a way that the Killing 
vector k— will be settled along one of the spatial 
directions, say Z. In this so-called adapted frame 
k— = 6^, and our restriction becomes 

L k $ = %* = 0, 

which is the standard requirement for the dimen- 
sional reduction in Z_ direction. 

To describe the geometry of an arbitrary Rie- 
mannian manifold we have to introduce a viel- 
bcin and connection one-forms which should be 



invariant under the local coordinate transforma- 
tions along the Killing vector 

£ k E± = 0, C k uA = 0. 

If in addition we impose the zero torsion condition 

VE± = dE^- — E— A Cj~~ = T— = 



we can recover the general expression for the viel- 
beins |§ 

E^=e a ^, E- = e^(dZ - A) 

in the Kaluza-Klein ansatz which form triangular 
matrix 



e£(x,z) 



Em(X) Em(X) 

EMX) 



It is very important to note that the form of the 
Kaluza-Klein ansatz is completely defined by the 
geometry of the space-time manifold. 

We can arrive at the same result by fitting the 
gauged cr-model technique. To this end note that 
the requirement of the Kaluza-Klein scheme to 
consider the special choice of the general coor- 
dinate transformations - SZ = e(X) in the case 
under consideration - is equivalent to the local 
space-time transformation 

SX& = e(X)k^ 

with the parameter e which does not depend on 
Z. Then, to require the invariance of our theory 
under this transformation we can introduce the 
differential 

DX^ = dX^- - Ak^, 

which is covariant with respect to the local shift 
in Z direction when 

5A = de(X), 

and the covariant vielbein one-form 

E-(D) = DX^-Er;. 

An important point is that to establish the 
connection with the KK approach the compo- 
nent structure of the vielbein one-form should 
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Table 1 

Properties of different approaches. 



Dimensional reduction in KK theories 



Global space-time symmetry gauging 



M D = M°- k 



M k 



M 



D 



Q(k) _ isometry group of M k (a subgroup of g.c.t. group) 



q( d ) - isometry group of M D 



8X^=e A {X)k M {Z)8f- 



5X™- = e A (X)k A ^(X) 



5A A (X) = drne A - f A BC Age 



SA4( X ) = d^ A - f A BC Age 



be restricted to the very special diagonal form 
of Ei(X,Z) 



E£(X,Z) 



e£(x) 







E Z ~{X) 



which, in particular, means that g zm = 0. This 
kind of representation is similar to that of Ref. 
pl| where the construction of a target-space ge- 
ometry in the presence of isometries has been dis- 
cussed. In its turn, the transition to the covariant 
differential deforms this structure to the triangu- 
lar Kaluza-Klein form. Therefore, in this repre- 
sentation the line element can be simply written 
as 

ds 2 = BHD) ® #(D%. 

For antisymmetric tensor fields the form 
(7(™)(D) is apparently invariant under the local 
transformation in the Killing vector direction. 
Rearranging n-form in terms of usual differentials 
we arrive at 

C* (n) (D) = C' (n) {d) + C (n-1) (d) A dZ, 

c /(n) = C {n) _ C {n-l) A ^ 

which is nothing but the standard rule of reduc- 
tion for the n-form gauge field in the Kaluza-Klein 
theories. 

In particular, since the dynamics of a p-branc 
is described by the pullback of target-space fields, 
we conclude that under assumptions above the 



gauged (p+ 1)- dimensional a -model describes the 
dynamics of a directly dimensionally reduced p- 
brane. 

This observation is in agreement with a result 
of Ref. |32j adapted to the massless case. 

5. Discussion and open questions 

To summarize, we have outlined the connec- 
tion between dimensional reduction and global 
space-time symmetries gauging. By presenting 
the line element in a more "economic" form by 
means of "covariant" vielbein one-forms and the 
reduction law for the antisymmetric target-space 
tensor fields, the investigation of the reduced the- 
ory symmetry structure is simplified especially in 
the case when the original theory has a non-trivial 
symmetry structure. An example of such a theory 
is the covariant formulation of the M5-brane |}3| , 
P4| , p5|j . The action for the bosonic M5-brane 
propagating in a D=ll background has the form 



'A/5 



d 6 a 



det(g. 



4 Jm 6 

Here g mn = d m X—gmn d n X— is the induced met- 
ric, = ^5(2) _ (7(3) is the curl of the world- 
volume second-rank chiral form and 



TT* _ 

\J—aagaa 



G 



H„ 



(H-v) 



1 



mnlpqr 



3!^ 

The explicit form of the Wess-Zumino term is 



Cwz{d)=( (C^ + \db™ AC' 3 '). 

M 6 JM e * 



The details of the symmetry structure of this ac- 
tion can be found in literature. 

Let us now consider an eleven-dimensional 
background having isometry along the coordinate 
Z. Then after transition to the target space fields 
which contain covariant derivative or differential, 
i.e. 

9mn - Smn(D) = D m X^|^D n X^, 

C {n) {d) -» C {n) {D) 

and leaving the worldvolume fields (b^ and a) 
the same we get the M5 gauged sigma-model ac- 
tion 



5g. 



d b £ M-det(g mn (D)+iH* ln (D)) 



• v /-dct.g m „(D) 



i?* mn (D)ff mn (D)] 



M 6 

In view of the statement of the previous sec- 
tion, this action is nothing but the action for an 
NSIIA five-brane |36|. Because the structure of 
the NSIIA five-brane action formally remains the 
same it is evident that the symmetry structure 
of the NSIIA5-brane is akin to that of the M5- 
brane. New gauge symmetries arising under re- 
duction can be derived from the definition of the 
covariant derivative. 

Consider now the application of the proposed 
scheme to the description of dimensionally re- 
duced (super)gravity theories. To this end re- 
call that the procedure of dimensional reduction, 
say, onto multidimensional torus can be reformu- 
lated in the following way. Imagine that our ac- 
tion functional is described by a p-form integrated 
over p-dimensional manifold M p being the direct 
product of the space-time manifold JW~~ n and 



n-dimensional torus T n . The latter is parameter- 
ized by Z l coordinates with i = 1,. .. ,n. Then 
we can write down the action as 

S= [ £ {p) 

[a i n . ..i in (C^AdZ h A. . .AdZ 1 ") 

+uj i h ... i tn C {p) A dZ 11 A ... A dZ l »] 

with numerical coefficients a and lu. The first 
integral is zero as it should be for a p-form on 
the p-dimensional manifold, which does not con- 
tain n differentials of the manifold coordinates. 
Upon integration over Z l the second term takes 
the form 



'fled. 



ft 



M 



rip) 



Qll.-ln 



Mp- 



dZ n A... dZ 1 " 



where flj^n is the global volume of the internal 
space which we take to be of a unite value. 
In the simplest case of M p = M 1 ^ 1 x M 1 



C {p) {d) = / i z L (p) AdZ. 

Mp J Mp 



(1) 



On the other hand, by definition 

£(P)( D ) = Ida^A... ADX^..* 

= C {p \d) - i k C {p) A A. 

Therefore taking into account eq. (I) and choos- 
ing the adapted coordinate frame one arrives at 



£ ip) (D) = tzC {p) (d)A(dZ-A). 



(2) 



Integrating (2) over Z we recover the result of 
dimensional reduction. 

To illustrate how it works, consider the classi- 
cal example of the reduction of a five-dimensional 
Kaluza-Klein gravity down to four dimensions in 
a way presented in [p0| . The D = 5 gravity action 



1 

M 5 3! 



S= I —B^aE^-AE^AE^-c^.m, 
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Consider now the Lagrangian 5-form 

£(5)(D) = Ii^i(D)A£^(D) . . .E«!L(D)e^,„^ 

which by use of the representation for the curva- 
ture and vielbein forms 

R^(D) = R^(d) - dA{i k (o^) - AD(ik&—), 

££(D) = EHd) - A(i k E*) 
is written as 

£( 5 >(D) = - A[3( J ft2i2& - dA(i k ufii3s)) 

A E— A E— A (dZ - A)e £i ... £± (3) 
-3P(i fc tI£i2i) A i£— A E— A A A (dZ — A)e^...^ , 
where we have used that i k E— = 5t~ and 

What we can say about the last term of eq. 
(3)? It is not so difficult to observe that the tor- 
sion two-form T— vanishes. The Bianchi identity 
T>T— — E-R b ~ implies in particular ikR[ a bc] = 0, 

or, in view of the requirement CkOJ— = 0, 

£>[a«fc^6c] = 0. 

Hence, the term under consideration vanishes and 
Integrating over Z and taking into account 

Z7> 1 afc n 

*£cd - ~2 e «r — 

one arrives at 

Sued. = - / [^R^ A E— A E^e ai ... ai 

-i F (P) A * F (2)i. 

2 J 
By rescaling the vielbeins we can rewrite the ac- 
tion in the Einstein frame 

S Red . = J d 4 x^[R - i(^) 2 + \e-^F% 



which is a well known result (cf. flH| ). 

Thus, in the simplest case it does work. More- 
over, it works in the case when antisymmetric 
tensor fields enter the action which describes a 
bosonic sector of supergravity. It is clear also, 
that the generalization to the reduction onto T n 
is straightforward and in this case, because the re- 
duction can be performed in a step-by-step man- 
ner, we have the embedding chain, which we call 
"matryoshka" , of the lower-dimensional theories 
into the original one which should lead to the re- 
sult similar to that of [p7| . 

Several concluding remarks are in order. 
Firstly, we may expect that this scheme can be 
modified to describe more complicated cases of 
the reduction onto G/H coset manifolds and S n , 
although, apparently, the hint with fixing an 
adapted coordinate frame will not work. Sec- 
ondly, the approach we discuss is restricted to the 
pure bosonic consideration and the application of 
this scheme has allowed, for instance, to make a 
new test for T-duality in the bosonic string theory 

Therefore, the problems for further study are 
to extend this approach to the non-Abelian and 
to the supersymmetric cases. We hope to make a 
progress in these directions. 
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